Abstract. The symmetric group S n+1 of degree n + 1 admits an n-dimensional irreducible QSn-module V corresponding to the hook partition (2, 1 n−1 ). By the work of Craig and Plesken we know that there are σ(n + 1) many isomorphism classes of ZS n+1 -lattices which are rationally equivalent to V , where σ denotes the divisor counting function. In the present paper we explicitly compute the Solomon zeta function of these lattices. As an application we obtain the Solomon zeta function of the ZS n+1 -lattice defined by the Specht basis.
Introduction
Let Λ be a Z-order in a finite-dimensional semisimple Q-algebra and M a Λ-lattice. Following Louis Solomon ([Sol77]) we define
to be the (Solomon) zeta function of M , which is a natural generalization of the Riemann zeta function to the non-commutative setting. In a series of papers Colin J. Bushnell and Irving Reiner have developed the theory of these zeta functions, including for example product formulas, functional equations or analytic continuation (see [BR85] for an overview). The case where Λ = ZG for some finite group G (which was the motivation for Louis Solomon in the first place) is of particular interest. While the machinery of Colin J. Bushnell and Irving Reiner reveal the beauty and rich structure of the associated zeta functions, the actual computation for non-trivial groups G and ZG-lattices M seems like a hard task. In the past the case M = Λ = ZG has gained the most attention, resulting in the computation of ζ ZG (ZG, s) for • G cyclic of prime order ([Sol77, Rei80, BR80]),
• G cyclic of order p 2 for p a prime ( [Rei80] ), • G cyclic of order p 3 for p a prime ( [Wit04] ), • G ∈ {C 2 × C 2 , C 3 × C 3 } ( [Tak87] ), • G dihedral of order 2p for p an odd prime ( [BR81] ), • G metacyclic ( [Hir81, Hir85] ).
The aim of this paper is to extend the list of known zeta functions by an explicit computation for a family of irreducible ZG-lattices, where G is a symmetric group. More precisely let n ∈ Z ≥2 be a fixed integer and G = S n+1 the symmetric group of degree n + 1. Corresponding to the hook partition λ = (2, 1 n−1 ) of n + 1 there exists the Specht module V = S λ , an absolutely irreducible QG-module of dimension n. Due to work of Maurice Craig ([Cra76]) we know that we can choose a Q-basis (e 1 , . . . , e n ) of V such that for 1 ≤ k ≤ n the action of the adjacent transposition (k k + 1) is given by multiplication with the matrix
Here for 1 ≤ i, j ≤ n we denote by E i,j the matrix (δ ik δ jl ) 1≤k,l,≤n and set E i,j = 0 whenever i or j are not in {1, . . . , n}.
With respect to this chosen representation, in [Cra76] representatives for the isomorphism classes of ZG-lattices rationally equivalent to V are constructed. More precisely denote by v the element e n + n−1 that is, with respect to (e 1 , . . . , e n ) a basis matrix of
The main result of [Cra76] is the following classification. Note that a similar result was obtained by Wilhelm Plesken in his PhD thesis ([Ple74] ).
is a complete set of representatives for the isomorphism classes of ZG-lattices rationally equivalent to V .
The purpose of this paper is to construct for each of these lattices its Solomon zeta function, the main result being the following theorem. As usual, for a prime p we denote by v p : Z → Z ≥0 the p-adic valuation.
where p runs over all prime divisors of n + 1, ζ Q denotes the classical Riemann zeta function and
The Specht module V has a distinguished basis (e T ) T , the Specht basis, labeled by the standard Young tableaux of shape λ. It is well known that with respect to this basis the representation matrices have only integral elements, turning the Z-module
into a ZG-module, which we refer to as the Specht lattice corresponding to λ. We will show that also the Solomon zeta function of this lattice-having a very simple form-is distinguished among all ZG-lattices rationally equivalent to V . More precisely, in Proposition 20 it is shown that L λ is isomorphic to L(n + 1), thus yielding the following corollary.
Corollary 2. The Solomon zeta function of the Specht lattice
and p runs over all prime divisors of n + 1.
To compute the Solomon zeta function we will rely on the technique introduced by Solomon in [Sol77] . Since this requires a complete understanding of the lattice of sublattices of L(1), the second section is devoted to a detailed analysis of these objects, relying on the work of Craig. We then use these information to compute the Solomon zeta functions by first computing the local Euler factors at the critical primes and then putting everything together. Finally we locate the Specht lattice in the classification of Craig and in this way obtain its Solomon zeta function.
The lattice of sublattices
Let p be a prime and i ∈ Z ≥0 such that p i divides n + 1. The goal of this section is to determine the structure of the lattice of sublattices of L(p i ) with index a p-power. We begin by determining all ZG-sublattices of L(1) = n i=1 Ze i with index a p-power. Lemma 3. Let L ⊆ L(1) be a ZG-sublattice and assume there exists an exponent c ∈ Z ≥1 such that
Proof. Choose some basis matrix B ∈ M n (Z) of L with respect to (e 1 , . . . , e n ) and denote by t the GCD of the entries of B. We write B = tB
′ the lattice spanned by the columns of B ′ . By assumption the index |L(1) : L| = det(B) is a p-power. Thus the same is true for t and there exists a ∈ Z ≥0 such that
Lemma 4. Let a, b, a ′ , b ′ ∈ Z ≥0 be integers. Then the following hold:
By comparing the coefficients in front of v and the e i , the claims follow.
with index a p-power. Then following hold:
). Since we also have b ≤ v p (n + 1), we conclude that a ≥ 1. Thus by Lemma 4 we obtain L ⊆ pL(p vp(n+1)−1 ).
Let N be a maximal ZG-sublattice of a ZG-lattice M . By invoking the Krull-Azumaya theorem (also known as Lemma of Nakayama) it follows that there exists a unique rational prime q such that qM ⊆ N . In this case we call N a q-maximal sublattice of M . The finite set of all q-maximal ZG-sublattices of M will be denoted by max q (M ). Using this notion, Lemma 5 takes the following form.
For a ZG-lattice M of V we now define
N to be the p-radical of M . By extension of scalars we associate to M the Z p G-module M ⊗ ZG Z p , which we denote by M p . We also define 
Proof. This follows from Lemma 4 and 6.
Lemma 9. For 0 ≤ i ≤ v p (n + 1) the following hold:
Proof. By Lemma 8 we know the p-radical of L(p i ). The result follows by applying Lemma 4.
Lemma 10. The following hold:
Proof. Note that by the classification of Craig we know that for 0 ≤ i, j ≤ v p (n+1) the ZG-lattices L(p i ) and L(p j ) are isomorphic if and only if i = j. Since for any ZG-lattice M and integer m ∈ Z \ {0} the ZG-lattices M and mM are isomorphic, it follows, by Remark
Computation of the local factors
We now turn to the computation of the Solomon zeta functions which naturally splits into two parts: The computation of local Euler factors and the global step, where we piece together the local information. We begin with the local computation as described in [Sol77] . For a Z p G-lattice M , where G is a finite group, we define the formal Dirichlet series
similar to the Solomon zeta function of ZG-lattices. Since in this local situation all sublattice indices occurring are powers of p, we can reformulate the zeta function in terms of power series. More precisely for
and we define
The connection to the original zeta function is given by the relation
Let M = M 0 , . . . , M r be a set of representatives for the isomorphism classes of Z p G-lattices in Q p ⊗ Zp M . For i = 0, . . . , r we define the partial zeta function
and obtain
Thus as soon as we know the partial functions Z(M i , M j , X) we know Z(M, X). Instead of trying to compute the zeta function of M alone, Solomon had the idea to compute Z(M i , M j , X) for all 0 ≤ i, j ≤ r simultaneously.
To be more precise, let us denote by B the matrix (
To understand the structure of B, Solomon gave a fairly explicit procedure to construct the inverse of B.
To describe this construction, we need a little more notation. Let max
where the sum runs over all subsets J of {1, . . . , k} with j∈J N j = L.
Lemma 11 ([Sol77, Lemma 3]). The matrix
is the inverse of B.
We now want to apply this theorem to the situation in which the Z p G-lattices involved are all of the form M p , for some ZG-lattice M . By definition, the determination of A requires knowledge about the sublattices of M p . By exploiting the connection between Z p G-sublattices of M p and the ZG-sublattices of M with index a p-power, the following well-known property of p-adic completion and its corollary show that in fact any computation with Z p G-lattices can be avoided.
Lemma 12. Let M be a ZG-lattice. Then the map
If N is a ZG-sublattice of M with index a p-power, say |M :
where J runs through all subsets of {1, . . . , r} with j∈J N j = N .
Corollary 13. Let M and N be ZG-lattices. Then the following hold:
(1) The maps
Let us come back to the situation of Section 1 with G being S n+1 and the ZG-lattices being contained in the Specht module V . We want to apply the preceding discussion to the computation of Z(L(p i ) p , X). First of all note that {L(p i ) p | 0 ≤ i ≤ v p (n + 1)} is a complete set of representatives for the isomorphism classes of Z p G-lattices of Q p ⊗ Zp M . This can be seen as in Remark 7. Thus it is sufficient to compute the matrix A = (A ij ) 0≤i,j≤vp(n+1) , where
The following following is a consequence of Lemma 12 and Corollary 13.
Proposition 15. The matrix A = (A ij ) 0≤i,j≤vp(n+1) is a tridiagonal matrix with A ij = 0 if |i − j| > 1 and
that is,
Proof. Apply Corollary 13 together with Lemma 10 of the previous section.
. 
We can now prove the main result.
Proof of Theorem 1. Let m = (n + 1)!/n. The proof of [Cra76, Lemma 10] and its corollary show that
where
Together with Proposition 18 we obtain
, where g = 1 − X n , the claim follows from Corollary 17.
The natural lattice of the Specht module
The Specht module V corresponding to the partition λ = (2, 1 n−1 ) of n + 1 has a distinguished basis (e T ) T , the Specht basis, labeled by the standard Young tableaux of shape λ. With respect to this basis the representation matrices are integral, turning the Z-module
into a ZG-lattice of V , which we call the Specht lattice corresponding to λ. To compute the Solomon zeta function of this Specht lattice, it is sufficient to locate it in the classification of Craig.
Lemma 19. If the rational prime p is a divisor of n + 1, the module L λ has a unique p-maximal sublattice. This sublattice has index p in L λ .
Proof. It is sufficient to prove that the F p G-module L λ /pL λ has a unique maximal submodule and that this submodule has index p. Let S λ be the Specht module over F p corresponding to λ. Then L λ /pL λ is isomorphic to S λ and we can use the rich theory of Specht modules. Let µ be the conjugate partition of λ, that is, µ = (n, 1). Then by [Jam78, Theorem 8.15] we have
where (S λ ) * = Hom Fp (S λ , F p ) is the dual of S λ . As n ≥ 2 the partition µ is p-regular and by [Jam78, Corollary 12.2] the module S µ has the unique composition series
where S is isomorphic to the trivial F p G-module. Thus S µ has a unique 1-dimensional minimal submodule. As S
(1 n+1 ) is 1-dimensional, also the tensor product S µ ⊗ S 
